We consider the propagation of Gaussian beams in a waveguide with gain and loss in the paraxial approximation governed by the Schrödinger equation. We derive equations of motion for the beam in the semiclassical limit that are valid when the waveguide profile is locally well approximated by quadratic functions. For Hermitian systems, without any loss or gain, these dynamics are given by Hamilton's equations for the center of the beam and its conjugate momentum. Adding gain and/or loss to the waveguide introduces a non-Hermitian component, causing the width of the Gaussian beam to play an important role in its propagation. Here, we show how the width affects the motion of the beam and how this may be used to filter Gaussian beams located at the same initial position based on their width.
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I. INTRODUCTION
W HILE quantum dynamics is in general very different from classical dynamics, for short times initially Gaussian wave packets stay approximately Gaussian and follow classical trajectories. This has been shown by Hepp and Heller using the fact that Gaussian states stay exactly Gaussian for harmonic Hamiltonians, and Taylor expanding more general Hamiltonians up to second order around the center of the wave packet [1] , [2] (see also [3] for a review on the properties and dynamics of Gaussian wave packets). As long as the wave packet stays well localized compared to the scale on which the higher order terms in the Taylor expansion of the Hamiltonian are negligible this is a good approximation. It is also the main ingredient of more powerful methods to approximate dynamics in the deep quantum regime such as the frozen Gaussian propagator and the method of hybrid mechanics [4] - [6] .
There are many analogies between the wave nature of light and the quantum mechanical wave function. In particular, the propagation of light in waveguides in the paraxial approximation is described by a time-dependent Schrödinger equation (where the propagation direction acts as time). This has led to spectacular demonstrations of quantum dynamical effects, as well as to new applications in optics (see, e.g. [7] and references therein). In recent years, there has been a surge of interest in optical waveguides with gain and loss, mimicking non-Hermitian, and in particular P T -symmetric [8] , quantum systems [9] - [17] . It is an interesting question what might be the fate of initial Gaussian wave packets in the limit of large locally approximately harmonic potentials in the spirit of Hepp and Heller. In [18] , [19] this question has been investigated, and a new type of classical dynamics guiding the centers of Gaussian wave packets has been derived. In this dynamics the changing shape of the wave packet couples back into the dynamics of the center. That is, even in the limit where the beam width is completely negligible compared to the external potential and where the dynamics is accurately described by the Gaussian approximation, there are many classical trajectories for a given set of initial position and momentum, depending on the width of the wave packet.
Here we review the approximation and give explicit equations of motion for the special case of a Hamiltonian with complex potential, and investigate the resulting dynamics in an example of a P T -symmetric multimode waveguide. The approximation accurately describes the propagation and effects such as the typical power oscillations in PT-symmetric systems if the potential is chosen large enough compared to the beam width associated to the ground state. We demonstrate how the shape of the beam affects the propagation, and how this might be used as a filtering device.
II. GAUSSIAN BEAMS IN THE PARAXIAL WAVE EQUATION
For simplicity we consider the propagation of light in a twodimensional waveguide where the (complex) refractive index n is constant along the z-direction and varies along the x-direction. The results are straight forwardly generalized to higher dimensions and refractive indices that are modulated in z-direction as well.
In the paraxial approximation the propagation of the electric field amplitude ψ is described by the Schrödinger equation
where := λ 2π , and λ is the wavelength, and where the effective potential
is approximately given by the refractive index profile n(x) of the waveguide, where n 0 is the reference refractive index of the substrate. Without loss of generality we use rescaled units with n 0 = 1 = in what follows. We consider the propagation of an initial Gaussian beam of the form
where q 0 ∈ R is the position of the center of the beam, p 0 , the expectation value of the quantum momentum operator, describes the angle of incidence, and B 0 ∈ C encodes the shape of the beam. In particular it holds Δq 0 = 1 √ 2 Im B 0 , and
, and we demand Im(B 0 ) > 0 such that the wave packet is normalizable.
In the spirit of Hepp and Heller we make a Gaussian ansatz for the propagated beam
Here N (z) ∈ R denotes the norm, and α(z) ∈ R is an additional phase. We Taylor expand the potential around the center q(z) of the wave packet and equate terms of the same orders of (x − q) to find the dynamical equations for the parameters [18] , [19] 
Here V R and V I denote the real and imaginary part of the (negative) refractive index, respectively. The dot denotes a derivative with respect to z, and the prime a derivative with respect to q. To keep the notation compact we have dropped the explicit dependence on z of the parameters, and we shall continue to do so in what follows. The first two equations in (5) are the generalizations of the standard Hamilton's equations for the dynamics of the position and the momentum to systems with gain and loss. In stark contrast to the well-known conservative case these equations depend explicitly on the time-dependent parameter B that describes the shape of the Gaussian beam and whose dynamics is governed by the third equation in (5) . The remaining two equations describe the dynamics of the overall norm and an additional phase, and can be trivially integrated once the first three equations are solved. In the present paper we shall not be concerned with the dynamics of the phase α. (7) with γ = 1, ω = 1, and η = 5 (on the left) and η = 10 (on the right). The imaginary part is scaled up by a factor of two, to make it more visible. For comparison we also show the probability distribution of a Gaussian beam with B = i, corresponding to the width of the approximate ground state of the real part of the potential.
We can eliminate p to derive a second order differential equation for the position of the wave packet center
that couples to the dynamical equation for the width parameter B, and both in turn determine the dynamics of the norm N . Since the approximation relies on the Gaussian to be well localized, the imaginary part of B encodes the reliability of the approximation.
In what follows we shall consider an example of a model for a P T -symmetric waveguide to demonstrate the quality of the approximation for initial Gaussian states, as well as the influence of the beam shape on the propagation.
III. GAUSSIAN PROPAGATION IN A WAVEGUIDE WITH P T -SYMMETRIC GAIN-LOSS PROFILE
We consider the complex potential
as a model for a multimode waveguide with P T -symmetric gain-loss profile. The parameter η determines the scale of the potential, which extends further and is deeper for larger values of η. Thus, the larger the value of η, the more classical (i.e. described by equations (5)) we expect the propagation of Gaussian states to be. The strength of the loss-gain profile is described by the parameter γ. Close to the origin the real part of the potential is approximately harmonic with frequency ω independently of the value of η. Thus, the fundamental mode of the real part of the potential is approximately a Gaussian state with B = iω, i.e., with width Δq = 1 √ 2ω , which provides the natural length scale on which the potential should be locally well described by the second order Taylor expansion for the Gaussian approximation to be valid. Fig. 1 depicts the real and imaginary part of the potential for γ = 1 and ω = 1 for two values of η. For comparison the intensity profile for a Gaussian beam with B = i is also depicted.
To illustrate how the Gaussian approximation improves with increasing η we show examples of the propagation in the approximation as well as the numerically exact solution of the Schrödinger equation (using a split-operator method) in Fig. 2 for three different values of η for B 0 = i 2 , p 0 = 0 and initial positions slightly off the central axis. We have chosen a value of the width that is different from that of the coherent state of the harmonic approximation around the origin, such that there is a stronger contribution from the width. Since the potential is not completely scale-invariant with respect to η we cannot directly compare the propagation for different values of η and corresponding initial values of q 0 . To provide an overview we show three examples with different values of η for the same value of q 0 η as well as a fourth example with a large value of η where the initial value of q 0 is chosen the same as for the example with the smallest value of η. Fig. 3 depicts the corresponding propagation of the mean values of the position and the norm. It can be observed that while the Gaussian approximation becomes more accurate for larger values of η as expected, it already qualitatively captures characteristic features of the evolution even for relatively small values of η. We shall return to a more detailed analysis and explanation of some of these features later. In the following we shall focus on the case η = 10, where we expect the Gaussian approximation to make reasonable predictions for propagation distances of the order of a few oscillations. Fig. 4 shows the Gaussian approximation for the propagation of initial Gaussian beams with B 0 = i as well as B 0 = i 2 and a relatively large initial displacement from the central axis of q 0 = −4 (i.e. in the loss region) in comparison to the propagation of the same initial beam in the absence of loss and gain, i.e. for γ = 0. The corresponding mean positions are depicted in direct comparison in the lower left panel of the same figure. The dominant feature in the beam propagation even in the presence of gain and loss in the current example are the oscillations due to the real part of the potential. We note a reduction of the symmetry and modulations on top of the periodic oscillations induced by the loss-gain profile, partly related to the fact that the varying width of the wave packet influences the central motion. The norm of the propagated beam depicted in the lower panel on the right, however, is strongly influenced by the gain and loss, and shows pronounced modulations as the beam oscillates between the loss and the gain regions. The difference between the two initial widths is only a quantitative one here. We have found the Gaussian approximation to be in good correspondence with the numerically exact propagation for the propagation distance depicted here. From equations (5) we expect the influence of the gain-loss profile on the beam propagation to be most pronounced where its first derivative with respect to the transversal coordinate is largest, that is near the origin in our example. This can already be observed in Figs. 2 and 3 where the propagation for the smallest values of q 0 shows the most pronounced modulations. Fig. 5 shows the same comparisons as Fig. 4 , however, for a smaller absolute value of q 0 . We observe that while the differences induced by the gain-loss profile are more pronounced than for the larger initial value of q 0 for both B 0 = i and B 0 = i 2 , in the second case there are more striking differences developing. These are due to the modulations in the width parameter that are also present in the corresponding Hermitian case, but do not influence the central motion in that case.
In Fig. 6 we depict another example where the difference in the initial width leads to drastic differences in the propagation, while all cases are well described by the Gaussian approximation (as can be seen by the direct comparison of the center propagation depicted at the bottom of the figure). In the right panel we depict the propagation of three Gaussian beams with the same initial values of position and momentum, but different initial widths. The right column shows the corresponding norm propagations. The initial momentum is non-zero (p 0 = −1), nevertheless, for B = i, depicted in the middle row, the beam appears stationary. This is due to the fact that the beam is naturally dragged into the gain region, and we have chosen the initial momentum such that it exactly counterbalances this dragging force for B = i. Note that it is only possible to create such a stationary solution for this particular value of the width parameter, where the initial Gaussian beam is a very good approximation for the ground state solution of the potential. If the beam is initially wider, as depicted for the example B 0 = i 2 on the top, the influence of the gain-loss potential is stronger, and the beam starts moving to the right into the gain region and then starts oscillating due to the influence of the real confining potential. If the beam is narrower, on the other hand, as shown for the example B 0 = 2i in the bottom panel of the figure, the influence of the gain-loss profile is effectively decreased. In this case, the initial momentum is strong enough to make the beam move towards the loss region initially, before starting to oscillate.
These effects can be understood in more detail using the approximative potential
which corresponds to the Taylor expansion of the potential (7) around the origin. In this approximation the equations of motion for q, B and N simplify tö
and we can obtain p from p =q − 1 Im(B ) γ. The equation for B does no longer depend on q, and the equation for q has the form of a forced harmonic oscillator, where the forcing term depends on B. Hence, the change of the shape of the wave packet acts like a forcing term in the evolution of the center of the packet. This is true for general systems whenever the wave packet is in a region where the imaginary part of the potential is approximately linear. Once the equation for q is solved, the norm N (z) is obtained by direct integration
The equation for B has one stationary solution with Im B > 0, namely B = iω, and for this choice of B the forcing term in the equation for q vanishes and we arrive at a harmonic oscillation with a shift by γ in the momentum
This is exactly the propagation we have observed in the top panel in Fig. 5 , as well as the stationary solution in the middle panel of Fig. 6 . For a general initial condition B 0 with Im B 0 > 0 the solution to the equation for B is given by
from which we obtain that is, the forcing in the q equation has frequency 2ω and is small if Re B 0 is small and Im B 0 is close to ω. The evolution of the center of the wave packet is thus given by
with a = q 0 + γ Re B 0
and Re B/ Im B given by (13) . The norm and the momentum can then be directly obtained as above.
This explains the modulations with twice the frequency that can be seen on the top and bottom of Fig. 2 , and in Figs. 5 and 6, for B 0 = i. The approximation (8) does not only provide a qualitatively but also quantitatively good description of the propagation, as is demonstrated in Fig. 7 , which depicts the propagations of the two nontrivial cases in Fig. 6 in the top two rows, using the approximative potential (8) . For a better comparison we also plot the mean values of the position in the right column of the figure. The bottom row depicts the same comparison for a propagation with a larger initial displacement from the origin, as in the top row of Fig. 4 . As expected the details of the propagation are not recovered in this case.
Let us finish with pointing out a possible application of the dependence of the propagation on the width of the wave packet as a filtering device. For short propagation distances through a region where the potential is well described by the approximation (8) around the center of the initial wavepacket, the position and momentum change according to
That is, for the same initial position and momentum there is an extra shift in the position q that is linear in γ, i.e., the slope of the gain-loss profile at q 0 , and quadratic in the initial width: q(z) = q 0 + p 0 z + 2γ(Δq) 2 z. This effect could be used to spatially separate Gaussian beams with different widths. If the width parameter of the beam also has a non-vanishing real part, this leads to an additional shift in the momentum, which translates into the angle in optical applications. At the same time the overall norm is only changed linearly according to N (z) = N 0 (1 + γq 0 z)
for short propagation distances. 
IV. SUMMARY AND CONCLUSION
We have derived semiclassical equations of motion for Gaussian beams propagating in waveguides in the paraxial approximation in the presence of gain and loss. In the absence of losses this leads to Hamiltonian motion of the center with a time dependent width. In the presence of gain and/or loss, however, the width of the beam influences the central motion. We have demonstrated that this Gaussian approximation can capture typical features of beam propagation in gain-loss wave guides such as power oscillations, and can accurately describe the propagation if the refractive index is well described by its Taylor expansion up to second order on length scales given by the typical widths of the Gaussian beam. Finally we have demonstrated how the dependence on the width could be used as a filtering device.
